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Abstract. This article is devoted to an investigation of a reality condition of a hyper- 
\ elliptic loop soliton of higher genus. In the investigation, we have a natural extension 

of Jacobi am-function for an elliptic curves to that for a hyperelliptic curve. We also 
compute winding numbers of loop solitons. 
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1. Introduction 



In this article, we will investigate a reality condition of loop solitons with genus g more 
O ■ precisely. Here the loop soliton is defined as follows. 

Definition 1.1. A loop soliton, Z t2 : R <^-> C with t 2 G R, h i-> Z = X 1 + ^/~-LX 2 with 
^ < JL | d tl Z = Q^-^-^ti^) ^ ^ s characterized by a solution of MKdV equation 

" l— ' ' 1 

(1.1) c\0 +i (c\0) 3 + fij^ = 0. 



In jMuj . Mumford gave natural results on the moduli of loop solitons of genus one 
as elasticas in terms of 9 functions, or the geometry of the Abelian varieties of genus 
one. However in the higher genus case, there appears a problem that the moduli of the 
Abelian varieties differs from the moduli of Jacobian varieties. On the investigation of 
loop soliton with higher genus, we have chosen the strategy that we use only the data 
of curves themselves to avoid the problem of excess parameters, and give some explicit 
results paTj . We will go on to follow the strategy to investigate the reality condition. In 
this article, we will interpret the results of Mumford in terms of the language of the curve 
in the case of genus one and extend the scheme to higher genus. Section two is devoted 
to the reinterpretation of Mumford results. Section three gives the moduli of the loop 
solitons of genus two, which can be easily generalized to higher genus cases as in §4. 



In |Malj . we have hyperelliptic solutions of the loop soliton as follows. For a hyperel- 
liptic curve C g given by an affine equation, 

C g : y 2 = x 29+1 + X 2g x 29 + X 2g -ix 29 - 1 + ■ ■ ■ + X 2 x 2 + X lX + A 

(1.2) 

= (x- ei)(x - e 2 )(x - e 3 ) • • • (x - e 2g )(x - e 2g+1 ), 

l 



where each e a is a complex number C, we have coordinates of complex space := C 9 
as maps from symmetric product Sym 9 (C g ) to J?°: 



9 9 

11 9 



:i.3) vi = Efi> ^ = E^ l) 



i=l i=l 



Proposition 1.1. A hyperelliptic solution of the loop soliton of genus g is give by 
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;i.5) d h zw = i[[ 



=i 



where t\ = Ru g and ti = R(u g -x — (\2 g + e ) /or a constant positive number R the 

curve hi. 2$ and integrals contours which satisfy the reality condition, 

(1) \d Ug Z^\=R, 

(2) u g E K. 

Proof. [Mai Proposition 3.4. □ 

In this article, we focus on the reality condition. As shown in Theorem 14.11 the reality 
condition is reduced to the following conditions. 

Theorem 1.1. Let a set of the zero points eb of y in M.2]) be denoted by B. satisfies 
the reality condition if the following conditions satisfy, 

(1) each e c G B is real, 

(2) there exists g pairs (e Cj , e^j^...^ satisfies (e Cj — e Q )(e t j J — e a ) = el for negative 

(3) the contour in the integral u g in M.3\) satisfies a condition. 

In the investigation, we have a natural extension of Jacobi am-function for an elliptic 
curves to that for a hyperelliptic curve. We also compute winding numbers of loop soliton. 

As there are so many open problems related to this as in jMa2l lP]. this result could be 
applied to them. 

I thank Prof. E. Previato, Prof. J. McKay and Prof. Y. Onishi for helpful suggestions 
and encouragements. Especially I am grateful to Prof. J. McKay for directing me to the 
book of Prasolov and Solovyev [P^ 
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2. Genus One 

First we will consider genus one case using the data of curve given by 

^ y 2 = x 3 + X 2 x 2 + \ x x + A 

= (x- e 1 )(x - e 2 )(x - e 3 ). 

The coordinate u of the complex plane := C is given by, 
(2.2) / du, du=^. 



2y 

It is known that a shape of the (classical) elastica, i.e., a loop soliton with genus one, 
Z:RmC(uw Z{u) = X x (u) + ^/-LX 2 (u)) with d u Z = e^ l<t> satisfies the differential 
equation, 

(2.3) a5u (0) + I(^) 3 + ^ = O, 

where d u := d/du. 

Proposition 2.1. (Euler [Ej) A solution of \2. is given by 

d u Z^ = (x-e a ), 

for an elliptic curve given by the form \2.1\) . which satisfies the reality condition: 

(1) \d u Z^\ = 1. 

(2) iiel. 



Proof, for example Proposition 3.4 in |Malj . □ 

Proposition 2.2. (Mumford) The moduli A of elastica or loop soliton of genus one is 
given by the following subspece in the upper half plane K + y/— lM>o modulo PSL(2, Z), 

A := v /Z lM >0 U Q + v /Z TM >0 ^ modulo PSL(2, Z). 

The purpose of this section is to give its proof using only the data of the curve itself. 

Lemma 2.1. For different numbers a, b and c of {1,2,3}, let e 2 ^~^ iPa := (x — e a )/c c i, a , 
e a b '■= e a — e& and c c b a '■= y/e ca eb a - The elliptic differential of the first kind \2.2}) is 



Proof. Direct computations give 

dx = 2c cba y/^le 2y ^ IiPa d(p, 

^ 2V ~ liPa \/e ba (e~ 2 ^ - c cba e^){e 2 ^ - c^ej 

'^sJeUe- 2 ^ 1 ^ - ^e ca /e ba )(e 2 ^« - ^J^) 



y = c cba 



le z 



Ccba V Is 



= c cba y/^le 2V ~ lipa y e fea + e ca - 2y/e ba e ca cos 2<^ a . 
The addition formula cos(2<^) = 1 — 2sin 2 y) leads the result. 
Let us use the standard representations, 

2\/^~^V^ &ba&ca 



k 



'e ba 



and then 
(2.4) 



du 



dtfa 



'e ba 



fe^a) yfl - k 2 sin 2 (p a 



By letting w := sin(<^ a ), (|2.4|) becomes 

dit 

(2.5) 



G?U> 



>/(l - w 2 )((v/e^- 0Q 2 + 4y/e ba e ca w 2 ) 
dw 



^y/(l-W 2 ){l-k 2 W 2 ) 



□ 



Remark 2.1. (1) Due to the ([2.4)1 . we have the following elliptic integral it(<^ a ) 

and its inverse function <p a (u) gives 

exp(y/^l(p a (u)) = y/x - e a . 



As a/ (e3 — ei)/(x — 63) is sn- function, <^ a (it) is essentially the same as Jacobi-am 
function am (it) |PSj . though we need Landen-transformation. 
(2) Behind ([2.5)1 . there is a kinematic system with an energy 

E = w 2 + (l-w 2 )(l-k 2 w 2 ). 



For any <£> a in a certain region [<^, the reality condition of the loop soliton Z^ a ' 
assumes that the denominator in ([2.5)1 should be real and thus that ^e ba e ca and ( v / e^ — 



should be real. 



^y/^ba — Cca; 



angle(e 6a ) = -angle(e ca ), 
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where angle(a) = Slog(a) for a G C. Accordingly using the expression e^ a = j3b a e aba , 
aba G [0, 7r) and (3b a £ the reality condition of the loop soliton Z^> require alternative 

cases: 

(1) a^a and a ca vanish, ie., tba and e ca belong to M, or 

(2) a 6a = -a ca and /3 6a = /3 ca - 

However the second case means that (i/e^— i/e^") 2 vanishes and corresponds to k — oo. 
Thus though it is not important, it is interesting that the second case can be reduced to 
the first case, i. e., a ca = 0, by transforming ip a to ip a — a ca due to the formula in the proof 
in Lemma 2.1. Here we defined (3b a G K rather than /3(, a G M>o due to the domain of aba- 

Lemma 2.2. The reality condition of the loop soliton Z^ is reduced to two alternative 
cases: 

1-1 Cba > and e ca > 0, i.e., k G v^—TlR> 0; w = sin0 a G [—1, 1]. 

1-2 Cba < and e ca < 0, ie. ; fc > 1 and w = sin0 a G [1/fc, 1] or w = sin0 a G 

[-1,-1/*]- 

Proof. For general y? a G M, w must be real. Hence the candidates of followings: 
(1-0) e^a < and e ca > 0, (1-1) Cb a > and e ca > 0, and (1-2) Cb a < and e ca < 0. 

In (1-0) case (y/e~ba~ — y/e^) has a non-trivial angle in the complex plane, which cannot 
be canceled by other terms. (1-1) is very natural. On the case (1-2), since the region of 
sin0 a must be a subset of [—1, 1]. Noting that prefactor l/(y / e^— ^ l /e^) generates the 
factor \J— 1, we conclude that k > 1 and sin0 a G [1/fc, 1] or sin0 a G [—1, —1/fc]- □ 



Proof of Proposition 12. 21 Let us consider the geometry of the integration. Fig.l 
gives an illustration of our situations, where Fig.l (a) corresponds to case 1-1 and (b) does 
to case 1-2. 

1-1: The periodicity (4a;, 2a/) of \J (x — e a ) is given by 
" 1 dw 



OJ 



o a/(1 - w 2 ){{y/e^- v/e^) 2 + 4 v /e 6a e ca w 2 ) 
^'W dw 



a/(1 - w 2 )((^/e b ~ a ' - yfe^a) 2 + 4 v /e fea e ca w 2 ) 

Thus cij 2 = Ui/2 + \/— lL[fc] for general fc with a certain function L. Hence r 
o//o; G (1/2 + v 73 !^). 



1-2: The periodicity (4a;, 2a;') of a/(x — e a ) is given by 

."V* dw 

oj = 2 



OJ 



y/(l - ^ 2 )((v/e^- v^) 2 + 4 v /e fea e ca r u^ 2 )' 
V* a/(1 - w 2 ) [Ov/e^ - yfe^a) 2 + ^y/ebl^aW 2 ) 



-Ilk 




^) (b) 



Figure 1. Geometry of Contours: a and (3 are Homology basis of the 
elliptic curves. 

Hence r = u'/u E y/^lR. 

Since theory of the Jacobi elliptic functions gives the fact that k' := y/l — k 2 
gives the inversion of moduli r — > — 1/r, the constraint > 1 is less important. 

We note that the periodicity of \J (x — e a ) differs from d u Z^ by twice but the difference 
is not so significant. Hence we have a complete proof of Proposition 12.21 based upon the 
theory of curve instead of geometry of Jacobain as a domain of theta function. □ 

Remark 2.2. (1) We list its spacial cases for a — 1: 

(a) k = in 1-1: its shape is a circle and its related curve is y 2 = (x — ei) 2 (x — e<i) 

(b) k = oo in 1-2: its shape is a loop soliton solution, and its related curve is 
y 2 = (x - ei)(x - e 2 ) 2 

(2) Since d s Z = e v/ ~ T9i can be regarded as a harmonic map: <9 S Z : S 1 — ► S 1 with 
energy 
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(a) (b) 



Figure 2. The behavior of ip 

(3) Above Lemma 2.2, we argued the angle of e^'s. However the geometry of the 
integrals depends only ^/e^ca and ^ftu, — y/e^, rather than efe a 's themselves. 

For the map d u Z : S* 1 — > S 1 , we can find index as a winding number as shown in Fig. 2. 
We call it index (<9 M Z). 

Corollary 2.1. The index(<9 n Z) is given as follows. 

1-1 index (d u Z) = 1. 
1-2 index (d u Z) = 0. 

Proof. In the case 1-1, since the contours w = sirnp a is [— 1, 1] which is identified with the 
range of sine function, (p a becomes a monotonic increasing function of u. In fact passing 
by w = ±1 changes the sign of \J\ — w 2 or cosy? a . On the other hand, in the case 1-2, (p 
does not wind around S 1 like Fig 2.(b). The branch point (1/k, 0) does not have an effect 
of the sign of \J\ — w 2 . and thus it does not □ 
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3. Genus Two 

In this section, we will investigate the reality conditions of genus two. A hyperelliptic 
curve of genus two is expressed by 

y 2 = x 5 + A 4 x 4 + A 3 x 3 + \ 2 x 2 + \%x + A 

= {x- e 1 )(x - e 2 )(x - e 3 )(x - e 4 )(x - e 5 ), 

we have a coordinate of complex space J|° := C 2 ; 

(3.2) Ul = + uf\ u 2 = + vP 



(3.3) u\> = / — , u\> 



2 ) 

w>dz r^^xdx 

2y' U " ~ Joe 2y- 
The loop soliton solution of (jHUj) is given by d tl Z^ = (x^ — e a )(x ( - 2 ^ — e a ). 

Lemma 3.1. For different numbers a, b and c of {1,2,3}, let e 2y/ ~ Ilfi<a > := (x^ — e a )/c c b a , 
e a b '■= e a — &b and c c b a '■= \[Zba£ca- I n general, the following relation holds: 



du 



yj ((V^ - v/e^") 2 + 4 v /e fea e m sin 2 v^K^e^e- 2 ^^ - c cfea e da 1 )(e 2 v /3T ^ ) - c cb \e ea ) 

Proof. Direct computations lead the formula. □ 

Lemma 3.2. The reality condition of the loop soliton Z^> satisfies if and only if (x^\ x^) E 
Sym 2 (C2) and X's satisfy the following relations: 

(1) \(xW — e a )\ = C a of a real constant C a , (a = 1,2), 

(2) uf ERfori = 1,2. 

Proof. Since the satisfaction is trivial, we will consider the necessary condition. (x^\x^ 2 >) E 
Sym 2 (C2) satisfying the reality conditions becomes 

C 



|* (2) -eJ 



x {1) - ej 



and 

(3.4) %u {2 \x {2) ) = -%u { 2 \x w ). 

Assume that \x^ — e a \ or ^su 2 (x^) is not a constant function of x^ . Then x^ is a 
function of x^\ (Of course, there is no guarantee whether there exists such a function 
s^(iW) and even continuity.) On the other hand, the loop soliton d tl Z^ is a function 
of the complex space J|° in ()3.2|) and satisfies the MKdV equation ()1.1|) over there as 
mentioned in Proposition 11.11 However the assumption means that u\ and u 2 are not 
independent, e.g., u 2 becomes a function of u\. It implies that d tl Z^ a function of a 
universal curve C 2 embedded in rather than J£°. d/dx^ \ x (2) nor d/dui\ U2 do not 



behave well and should be replaced to covariant derivatives, e.g., d/du\ — A ui (ui), using 
an appropriate connection A ui (ui). Hence in general the assumption requires that the 
angle part of d tl Z^ does not satisfy the MKdV equation It is a contradiction. □ 



Remark 3.1. By letting the embedding i : S 1 •— > C2, d U2 Z is a analytic map from 
Sym 2 ^^ 1 )) to S 1 . 



Lemma 3.3. For the situation of Lemma VS. 11 the reality condition of the loop soliton 
needs e a = —c cba and c e d a = c cba , and then we have 

(3.5) 

(i) _ 2 y /c^sinip ( a ) d(p { a ) 



du 



((x/e^- y/e^) 2 + 4:y/e ba e ca sin 2 </a){{y/eZ,- \feZ) 2 + 4 v /e da e ea sin 2 ipt 



2,» 



Proof. Due to the Lemma 13 .2\ ip a ^ is real and each factor must be real. Hence the 
imaginary parts should be canceled locally. It means the conditions. □ 



Let us introduce a representation as an extension of the standard representation (|2.4j) , 



, _ 2y 1 yf e ba e ca 2y 1 e^a^e 

til '■= 1= fc 2 : ~ 



and then 
(3.6) 



dv,2 



'eda 



2$/e ba e ca sm ipydip. 



'e ha - y^) ( - y/e^) \J 1 - k\ sin 2 ip$ \J 1 - k% sin 2 ip^ 
By letting w := sin(<^a' ) ), we have 



du 



$e ba e ca wdw 



w 2 )({^/e^- ^/e^) 2 + 4 v /e fea e ca w 2 )(( v /e^- ^feZ) 2 + A^/e^e^w 2 ) 
2$e ba e ca wdw 

(y/eul - y/e^) (v^fa - y/e^) y/(l- w 2 ) (1 - k\ w 2 ) (1 - k%w 2 ) 

Remark 3.2. (1) (jSJ) is an elliptic integral by u = w 2 due to a speciality of genus 
two. It cannot be generalized to higher genus case. 
(2) Due to the remark I2.1|. we should be regard that ()3.6|) gives the integral as a 



function of (fa , 



u 



(0 



dip), 



fflW) 
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for an appropriate function H 2 . Hence the inverse function cp a (u 2 ) gives the 
relation, 

exp( v ^T^ ) (4 ) )) = " e «)/ c ^- 

Further (p a := ($\u 2 ) -\-^\vf^) gives the al-function of u 2 := u 2 ^+u 2 ^ |Ba[ IWj. 

ex${\f-i(p a {u 2 )) = al a (n 2 ). 

Accordingly, we should regard this (p a as a hyperelliptic am-function of genus two. 
(3) Behind the hyperelliptic am-f unctions, there is also kinematic system with a hami- 
tonian: 

E = w 2 + (1 - w 2 )((i/e^ - y/e^) 2 + 4 A /e 6a e CQ w7 2 )(( v /e^ - yfeTaf + Ayje da e ea w 2 ). 

For any (pa in a region [(fi,<f u ], the reality condition of the loop soliton assumes 
that the denominator should be real and thus that y/eb a e ca and y/e^ — ^/e^ should be 
also real. 

Theorem 3.1. The reality condition of the loop soliton Z^ is reduced to the conditions: 
e a = —c c b a and c eda = c c fta with three alternative cases: 

II- 1. e ba > 0, e ca > e ea > 0, e da > 0, i.e., ki,k 2 G ^/^lR and sin0 a G [-1, 1]. 

II-2. eba > 0, e ca > 0, e ea < ande da < 0, i.e., k\ G \/— 1R andk 2 G R sin0 a G [l/k 2 , 1] 

or sin0 a G [-1, -l/k 2 ). 
US. e ba < 0, e ca < e ea < 0, e da < 0, i.e., k x , k 2 G R, (k x < k 2 ), 

(a) if k 2 < I, sin0 a G [-1,1]. 

(b) ifk 2 > I, sin0 a G [-l/fa, l/k 2 }. 

(c) if ki > I, sin0 a G [1/fa, 1] or sin0 a G [-1, -1/fci]. 

Proof. As shown in case of the elliptic curves, we can find the results. □ 

Fig. 3 gives an illustration of our situations, where Fig.3 (a) corresponds to II-l and (b) 
does to II-2 and (c) to II-3. 

In this case, we show the mdex(d tl Z). 

Corollary 3.1. The index (c^Z) as a winding number of the map i^S 1 ) to S 1 is 

II-l. index(<9 tl Z) = 2, 
II-2. index(<9 tl Z) = 0, 

11-3. (a) index(«9 tl Z) = 2 and (b) (c) index(d tl Z) = 0. 

Proof. These indexes consist of those of each 2(fa\ If the index of 2<p$ is one, that of 2ip a 
is sum over i — 1, 2, (p a — ipi 1 ' + (p a 2 \ The computations of (p a are essentially the same as 
the genus one illustrated in Fig. 2. □ 
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Figure 3. Geometry of Contours: a±, (3\, «2 and fa are Homology basis 
of the hyperelliptic curves. 



4. Genus g 

The computations of genus two are easily extended to higher genus loop solitons. Let 
A := {1, 2, 3, • • • , 2g + 1}, A a := A - {a} for a e A, O g := {1, 3, 5, • • • , 2g - 1}. and a 
bijection a : {1, 2, • • • , 2g} — > ^4 a for oGi, which determines the order. 

The direct computations give the following lemmas. 



Lemma 4.1. For a e A, let e 2V ^ := (x M - e a )/c cha , e ba := e a{b) - e a and c cha : = 

cat 

D^a) :=((v^- v / ^) 2 + 4 v / ^^sinVi i) ) 
(4 ' 1} II ^(e- 2 ^^ - c^Xe 2 ^ - c^ a e ea )f\ 

d&O g ,e=d+l 



N aJr(<Pa) == (v^T^e^ + )) ^ 
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In general, \l-4\j becomes 

du 



Lemma 4.2. For the situation of Lemma \4-l\ the reality condition of the loop soliton 
needs e a = —c c b a for c £ A°, b = c + 1 and then we have 

D ( £(Va) =(((v^" v^) 2 + V^^sinVi ) 

(4.2) \i/2 

Yl ((y/eZ - y/e^) 2 + 4 v /e da e ea sin 2 ip%^ ' 



d£Og,e=d+l 

,9-1 



N®(<p a )= (2v^sin ^)) ; 
Let <y9 a := y>a + (^i 2 " 1 + • • • + and then (|1.5jl is expressed by 



d tl Z^= c 



as a function of u g := + + • ■ ■ + u g . The hyperelliptic al-function is written by 
Hence ip a can be regarded as hyperelliptic am-function of genus g. 

Theorem 4.1. The reality condition of the loop soliton in il.ty) is the conditions that 
there are g pairs (e^a, £b+i,a)beo g G ^ satisfying —e a = ^/eb,a^b+\,a > 0, and the contour 
of integral of each u g of i = 1, • • • , g should be chosen so that u g ^ is real. 
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